ON NONLINEAR EQUATIONS CONNECTED 
WITH SIX-DIMENSIONAL PLEBANSKI SPACE 

V.Dryuma*, L.Bogdanov** 

*IMI AS RM, 

5 Academiei Street, 2028 Kishinev, Moldova, 

**L.D. Landau ITP RAS, 
Kosygin str. 2, Moscow 119334, Russia 

Abstract 

An examples of Monge- Ampere equations connected with six-dimensional generaliza- 
tion of the Plebanski four-dimensional space are considered. 

1 The four-dimensional second heavenly equation 

Plebanski second heavenly equation is connected with the metric of the form 

ds 2 = C (x, y, z, u) dz 2 + 2 B(x, y, z, u) dz du + A(x, y, z, u) du 2 + dx du + dy dz 
Conditions for the metric (1) to be Ricci-flat 

Rik = 

lead to the equations on the coefficients 

9 „/ ^ d 

—B(x,y,z,u) + — . 
ox ay 



Rxz = Ryz = —B{x, y, z, u) + —C(x, y, z, u) = 0, 



d d 

Rxu = Ryu = Q^ A ( X , V, Z i U ) + dy~ B ( X > y > Zj U ) = - 
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Rzz = 2 ( -z-Mx, V, z, u) ^-C(x, y, z,u) + 2 A(x, y, z, u)—rC(x, y, z, u) + 
ox I ox ox 
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\ox J oy oxoy oxoz 
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-2 q^; C ( x ' V> z,u)-2 \ —B(x, y,z,u)J +2 C(x, y, z, u)—C(x, y, z, u)- 

( d \ d 

-2 \-t^C(x, y, z, u) I g-B(x, y, z, u) = 0, 



d 2 ( d \ d 

R zu = 2 A(x, y, z, u)—B(x, y, z,u) + 2 \—B(x, y, z, u) I q^ B ( x ' 2/> z -> u ) + 

Q2 Q2 Q2 

+4 B(x, y, z, u)-^^B(x, y, z, u) + q^A(x, y, z, u) - ^^B(x, y, z, u)- 
( d \ d d 2 

d 2 d 2 

-B(x, y, z, u) + ——C(x, y, z, u) = 0, 



dydz dudy 

d 2 d 2 
R uu = 2A(x,y,z,u)—A(x,y,z,u) + 4B(x,y,z,u)-^--A(x,y,z,u) + 

( d \ d ( d \ d 

+2 \-^B(x, y, z, u) I t^M x , V, z,u) + 2 \—C(x, y, z, u) I g^ A ( x , V, z , u ) + 

Q2 Q2 Q2 

+2 C(x, y, z, u)—A(x, y, z,u) + 2 q^ b ( x , V, z,u)-2 q^ a ( x , V, z , u )~ 

( d \ d ( d \ 2 

-2 \-^B(x, y, z, u) I q^ A ( x , V, z,u)-2 \—B(x, y, z,u)J = 0. 

After the substitution 

d 2 d 2 
C(x, y, z, u) = -t^0(x, y, z, u), B(x, y, z, u) = Q^j8( x , V, z , M )> 

d 2 

A(x,y,z,u) = -—9(x,y,z,u) 

metric (1) takes the form 

( d 2 \ ( d 2 \ ( d 2 \ 

ds 2 = — -——9(x, y, z, u) dz 2 +2 9(x, y, z, u) dz du— ——9(x, y, z, u) du 2 +dx du+dy dz. 

\dx 2 J \oxoy J \oy 2 J 

It is Ricci-flat if the function 9(x,y,z,u) satisfies the second Plebanski equation 

d 2 d 2 ( d 2 \ d 2 ( d 2 \ 2 

9(x, y, z, u)+——9(x, y, z,u)+\ ^9(x, y, z, u) ^9(x, y, z,u)-\ ——9(x, y,z,u)\ =0 



ouox oyoz \uy ) ox z \oxoy 

(2) 

[!]■ 

2 Six-dimensional generalization 

We introduce the following six-dimensional generalization of the metric (1), 

ds 2 = dx du + dy dv + dz dw + A(x, y, z, u, v, w)du 2 + 

+2B(x, y, z, u, v, w)du dv + 2 E(x, y, z, u, v, w)du dw + C(x, y, z, u, v, w)dv 2 + 

+2 H(x, y, z, u, v, w)dv dw + F(x, y, z, u, v, w)dw 2 . (3) 
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The Ricci tensor of the metric (3) has fifteen components. Nine of them are equal to zero due 
the conditions 

d d d 

— E(x, y, z, u, v, w) + g^ H ( X , V, z , u , v , w ) + q^ F ( x > f> z ' M ' u ' w ) = °' 
d d d 

— B(x, y, z, u, v, w) + t^ c ( x , V, z , u , v > w ) + q^ H ( x > y> z > M ' u ' w ) = °' 
d d d 

— A(x, y, z, u, v, w) + t^ b ( x , y, z , u , v , w ) + q^ E ( x > y> z > M ' v - w "> = °- ( 4 ) 

This system of equation has solutions depending on arbitrary functions. 
In a simplest case we have the solution 

( d 2 \ d 2 ( d 2 \ 2 

A(x, y, z, u, v, w) = \-Q^f( x , V, z , u , v , w ) J f( x , y, z , u , v , w ) - ( ~q^q~J{ x i y> z > M ' V i W )) ' 



/ d 2 \ d 2 I d 2 

C(x, y, z, u, v,w)= I g^f( x i y> z i M > v > w ) J ~Q£i^ x i y> z ' M ' v i w )~ ( fr^f( x i y > z ' M ' v i w )) ' 

( d 2 \ d 2 ( d 2 V 

F(x, y, z, u, v, w) = \-Q^f( x , y, z , u > v > w ) J ~Qy2tt x i y > z ' M ' u ' w "> ~~ ( fady~f( x > y > z ' M ' v > w n > 



( d 2 \ d 2 

E(x, y, z, u, v, w) = [g^f( x ' y> Z ' M > V ' w ) J Qrtfy~f( x > y ' z > M ' u ' w ">~ 

( d 2 „, \ d 2 



\dxdz^ X ' Vl Z ' M ' V ' 7 dy 2 ^^' V ' Z ' M ' V ' ^ 

( d 2 \ d 2 

B(x, y, z, u, v, w) = [g^f( x ' y> z ' M > v > w ) J ~tyfi~J{ x ' y> z ' M ' u ' 



( d 2 \ d 2 

- [grifyf( x >y> z > u > v > w ) J Q^f( x 'y' z ' u ' v ' w ) 

( d 2 \ d 2 

H(x, y, z, u, v, w) = \g^f( x ^ y> z > M > v > w ) J Qrtfy~f( x > y > z > M ' u ' 

( d 2 \ d 2 

f(x, y, z, u, v, w) -z-zfix, y, z, u, v, w) 



\oyoz J ox z 

depending on one arbitrary function. 

Corresponding six-dimensional metric looks as 



« d 2 d 2 ( d 2 \ 2 , 



x) dx z + 



/ d 2 d 2 d 2 d 2 \ 

+2 ( K(x) 7 —K(x)-—K(x)—K(x))dxdy+ 
\ ouow ovow aw 1 ouov I 



I -j^K(x)-^K(x)-( -^—K(x)) ] dy 2 + 



/ d 2 d 2 _ d 2 d 2 \ 

\dvdw ^ dudv ^ dudw ^ dv 2 ^ J ^ x ^ z ~^ 

( d 2 8 2 ( 8 2 V\ 

-\dxdu + dydv + dzdw (5) 

where K(x) = K(x, y, z, u, v, w) is an arbitrary function. 

The Ricci tensor of the metric (5) has six components. 
All equations 

Rij = 

after the substitution 

K(x, y, z, u, v, w) = (f)(y + v + x, z + w + x) 
are reduced to one equation 

/ Q4 \ Q2 / Q3 \2 / x Q3 



d 2 _ A d 4 _ , / d 2 _ A <9 4 



<Kt> p) tw#6 p) + 2 »-5?^, p) a , 2a a > (£ p)+ 



- (w- mp) ) mm m p) + 2 (^' p) ) afe« • "> = °- (6) 

where 

£ = x + ?/ + t>, p = z + a; + u>. 
In compact form this equation can be rewritten as 

A^,p) = 

where 



and 

+ 



di 2 dp 2 

is the Laplace operator. 

Its solutions give Ricci-flat examples of the metric (5). 
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3 The Beltrami parameters 

Two invariant equations defined by the first 

a dip dip 



^ ® ~dx % dxi 
and the second 

Beltrami parameters can be considered to investigate the properties of the metrics (5). 
For the metric (5) the equation Dtp = looks as 

d 2 d 2 d 2 ( d 2 \ ( d 2 \ d 2 

-m + -ETxzm + -zjrm - 



dudx dwdz dvdy \dy 2 J \dx 2 J dz 2 ' 

+2 (mZ**) (aSlH W m ~ 2 (a^>) {*k m ) l^k m+ 
+2 (<&*<*>) (aS? /(f >) - (&^) (!?'<*>) W m+ 

+2 {m,**) (Sr/w) &™ ~ 2 (aS^>) (i&jw) &y m ~ 

( d 2 \ ( d 2 \ d 2 ( d 2 \ ( d 2 \ d 2 

In a special case equation (7) after the substitution 

0(f) = /(f) 

takes the form 

d 2 d 2 d 2 ( d 2 \ ( d 2 \ d 2 

-m + i^-m + i^r.m - 3 



dudx dwdz dvdy \dy 2 J \dx 2 J dz 2 ' 



( d 2 Yd 2 ( d 2 \ ( d 2 \ d 2 

+3 v /(j) - 6 b^ m ) (ai&H 

/ d 2 V d 2 ( d 2 V d 2 

After the change of variables 

/(f) = f( x , y, z, u, v, w) = h(x + u,v + y,w + z) = h(rj, f , p) 

equation (8) is reduced to the form 

d 2 d 2 d 2 ( d 2 \ ^ d 2 

-Qrf h ^ Z> P) + df 11 ^ Z> P) + q^Kv, t P) + 3 [q^Hv, £, P) j M»7, £, P)" 



\dr]dp 

Q2 

g^ h (V,C,P) 



( d 2 \ ( d 2 \ d 2 ( d 2 Y d 



\dpd£ 
d 2 



drjdi 



2 <l_ 

dp 1 



d 2 



d 2 



d 2 



\dpd£ 



or 



A%,f,p)-3det 



IffKv^iP) ^h(r],Z,p) ^h(r},£,p) 



^ h (v,tp) $th(ri,S,p) ^h(r],Z,p) 
a 2 



d 2 



,: ' 2 Hvi&p) &Hv,^p) t$sHv,€,p) 



dr/dp 



= o, 



where 



d 2 d 2 d 2 
A = — + — + 



drj 2 <9£ 2 dp 2 

is a three-dimensional Laplace operator. 

Solutions of equation (9) are characterized the properties of the metric (5). 



4 Particular solutions of equation (6) 

To obtain particular solutions of partial nonlinear differential equation 

F(x, y, Z, f x , fy, f z , fxxi fxyi fxzi fyyi fyzi fxxxi fxyyi fxxyi ••) = 0, 

a following approach can be applied. 

We use parametric presentation of the functions and variables 

f(x,y,z,s) -> u(x,t,z,s), y -> v(x,t,z,s), f x -> u x - — v x , f s -> u s -—v s , 



fz > u z V z , fy > ? fyy > j fxy 

V t 



Hi f Hi 

Vzi Jy * 
Vt V t 

where variable t is considered as parameter. 
Note that conditions of the type 



[U X - f t Vx)t 
Vt 



(10) 



(11) 



fxy fyx i fxz fzx j fxs fsx ■ ■ ■ 

are fulfilled at the such type of presentation. 

As a result instead of equation (10) one gets the relation between new variables u(x,t,z) and 
v(x,t,z) and their partial derivatives 



*(u, V, u x , u z , u t , u 8 , v x , v z , v t , v s ...) = 0. 



(12) 



This relation coincides with initial p.d.e. for v(x, t, z,s) — t and takes more general form after 
presentation of the functions u,v in the form u(x, t, z, , s) = F{uj,uj t ...), v(x,t,z,s) = $(u;,u; t ...) 
with some function uj{x, t, z, s) . 
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4.1 The example. Laplace equation 

Two-dimensional Laplace equation 



dx 2 ' dy 2 
after (u, v )-transformation with the conditions 



d 2 d 2 

f( X ,y) + —f( X ,y) = (13) 



u(x, t) = t-^uix, t) - u(x, t), v(x, t) = ^(x, t) 



takes the form of Monge- Ampere equation 



- (w^ t] ) t] + {&S ix ' {) ) + 1 = °- (14) 



Particular solution of this equation is 

uj(x, t) = A(t) + x + x 2 C{t) 

where 

A(t) = -1/12 _C1 1 3 + _C4 

and 

c « = -run- 

The elimination of the parameter t from the relations 

Ay_Clt 2 + _ClH A -Ax 2 = 0, 

6 f(x, y)_Cl t + _C1 H 4 - 12 x 2 + 6 -CI t + 6 _C1 to = 
gives us the function 

f(x,y) = 



-18 _CV -CI - 18x_Cl + 12 -2 y 3 _Cl + 2_C1 Vx b + 3 a; V + 3 y 4 x 2 + + 6 x 2 y_Cl 

= 1/18 IC7 

satisfying two-dimensional Laplace equation (13). 

More general solutions of equation (13) can be also constructed from solutions of equation 
(14) in a similar way. 

Note that such type of solutions of Laplace equation may be applied in the theory of water 
waves. 

To construct particular solutions of equation (6) 

- [dyJxWy^ V) ) dx~ 2 ^ V) + 2 [dxWy^ V) ) ~ 2 (d^^' y) ) dx~^ v) ~ 
' d 2 \ d 4 , . / d 2 s \ <9 4 



x , y) a j^i^i y) + 2 a T^tpi^i y) a » Q <f>(x, y)+ 



dy 2 J dx 4 \dxdy J dx 3 dy 
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+2 [dyJxTy^ V) ) ~ V) ) V) ~ 2 W HX ' V) J Wdy-^ ^ 

' d 2 ,, A <9 4 , „ / <9 2 ,, A <9 4 



\<9y 2 ' J dydx 2 dy ' \dxdy ' / dy 2 dxdy 

we use the method described above. 

After the transformation of the function <j)(x, y) and its derivatives in accordance with the rules 
(11) and substitution of corresponding expressions into equation (6) one obtains relation of the 
type (12). 

From this relation in a simplest case 

u(x,t) = A(t)x + x 2 , v(x, t) = B(t)x + x, B(t)=t 
we get the equation for the function A(t) 

' 2 + 2 ' + 2 + 4 (^«) 4 + 4 + 2 - »■ 

having a general solution 

= -CI +_C2t + _C3 (arctan(t + l)t + arctan(t + 1) - 1/2 ln(t 2 + 2t + 2)) + 

+-C4 (l/2tln(t 2 + 2t + 2) + ln(t 2 + 2t + 2)-arctan(t+l)t). (15) 
Elimination of the parameter t from the conditions 

4>(x,y) - (A(t)x + x 2 ) = 0, y-tx-x = 

with the function A(t) from (15) leads to the solution of equation (6) 

<j>(x, y) = xJCl +-C2y- _C2 x + _C3 arctan(-)y - 1/2 x_C3 \n( V \°° ) + 

x x l 

2 2 2 2 

+1/2 _CV ln( - \ X )y+ 1/2 x_C4 \n( V \ X ) - _C4 arctan(-)y + _C4 arctan(-)a; + x 2 . 

q^-^ CC X X 

5 Particular solutions of equation (9) 

Equation (9), rewritten in new notations 

d 2 , , d 2 , , d 2 , , , . „ / <9 2 , , y d 2 



h(x, y, z) + -z-oh(x, y, z) + ^h(x, y,z) + 3 ——h(x, y, z) tt^Hx, y, z)- 



cte az 2 ay 2 \oxoz J ay 

( d 2 \ ( d 2 \ d 2 ( d 2 \ 2 d 2 

" 6 \dxTz Kx ^ Z) ) [^z hiX ^ Z) )dx^y- hiX ^ Z) + 3 \dxTy Kx ^ Z) ) d? h ^ y ^~ 

( d 2 \ ( d 2 \ d 2 ( d 2 \ 2 d 2 

3 \dy} h ^ V ' Z >) []w h ( X ' y ' Z ))lW h ( X ' y ' Z ) + 3 [dylh h ( X,y,Z >) dtf h ^ y ' z > = ^ (16) 
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can be transformed into the form 

( d 2 \ d 2 ( d 2 \ 2 ( d 2 \ d 2 

-3 —u(x, t, z) —u(x, t,z) + 3 I ^- z u(x, t,z) - — u>(z, t, z) —u(x, t, z)+ 



\dxdz 

2/^o \ 2 



( d 2 \ ( d 2 \ ( d 2 \ d 2 

+1+ {dtd-z uj{x ^ z) ) + {m^ uj{x ^ z) ) -(^(M,*)J^(*,M) = o^ 

according to the rules (11) and using the substitution 

d d 
u(x, t, z) = t—u(x, t, z) — uj(x, t, z), v(x, t, z) = —ui(x, t, z). 

In particular case 

iv(x,t,z) = A(x 2 + z 2 ,t) 

equation (17) takes the form 

where £ = x 2 + z 2 . 

This type of equations meet in the theory of turbulent flow [2]. 
Particular solution of equation (18) is of the form 

A(^t) = B(t)+ie c \ 

where the function B(t) is defined by the expression 



e -ct e ct 



B(t) = l/4—-3^ + _Clt + _C2. 



Now elimination of the parameter t from the system of equations 

d 

h(x, y, z) — t—cu(x, t, z) + u(x, t, z) = 0, 
d 

V ~ -Qju(x,t,z) = 0. 
leads in the case _C1 = 0, _C2 = 0, C — 1 to the function 

h(x, y, z) = [y^y 2 - 3 + x 2 + z 2 + y 2 ^j \n( V + ^ ^ 2 +^2 + ~ ) {v + \fy 2 ~3 + x 2 + 

3 - x 2 - y 2 - z 2 - ln(2)y Vy 2 - 3 + x 2 + z 2 - \n(2)y 2 - y^/y 2 - 3 + x 2 + z 2 

y + y/y 2 - 3 + x 2 + z' 2 

satisfying the equation (16). 
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Another type of particular solutions of equation (16) can be obtained using the reduction of 
equation (17) after the substitution 

u(x, t, z) = A(x + t, z) 

to the form 

( d 2 \ d 2 ( d 2 \ 2 

- A(x,y) — A(x,y)- — A(x,y)\ -1/4 = 0, (19) 



\dx 2 J dy 2 \dxdy 

where A(x, y) = A(x + t,z). 

The (u, v )-transformation of equation (19) with the condition 

d d 
u(x, t) = t-jjj_w(x, t) - u(x, t), v(x, t) = Qj.w(x, t) 

leads to Laplace equation for the function cu(x,t) 

d 2 d 2 

Its general solution has the form 

u(x, t) = M(x + 2It) + N{x -2 It), 

where M and iV are arbitrary functions. 

After the choice of the function u(x,t) and elimination of the parameter t from equations 

d d 
A(x, y) - (t^(x, t) - u(x, t) = 0, y- ^{x, t) = 0, 

the function A(x,y) and then the function 

cu(x, t, z) = A(x + t, z) 

can be found. 

Elimination of parameter t from equations 

d 

h(x, y, z) — t—cu(x, t, z) + u(x, t, z) = 0, 

C6 

y--^u(x,t,z) = (20) 

with a given function cu(x, t, z) allow us to obtain particular solution of equation (16). 
Let us consider an example. 

We take solution of the Laplace equation of the form 

cu(x, t) = (x + 2 It) 2 + (x - 2 It) 3 



or 



u(x,t) = x 2 -At 2 + x 3 - 12xt 2 + 1 (itx - Qtx 2 + 8t 3 ) . 
Its imaginary part 

Ul = Atx -Qtx 2 + 8t 3 
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satisfies Laplace equation. 
From the conditions 

d 

A(x, y) - t—ui(x, t) + ioi(x, t) = 0, 
V ~ -QjU\\x,t) = 

we get the system of equations 

A(x,y) - 16t 3 = 0, y-4x + 6x 2 -24t 2 = 

from which we eliminate the parameter t. 
As a result we find the function A(x, y) 

A(x, y) = 1/18 sj§y -2Ax + 36 x 2 y - 2/9 ^6^- 242; + 36 x 2 x + 1/3 ^Gy - 2Ax + 36 xV 

satisfying equation (19). 

From this function after the change of variables 

x — x + t, y = z 

we find the function 

u(x,t,z) = l/18VQz -24x - 24t + 3Qx 2 + 72tx + 36t 2 (z-Ax-At + Qx 2 + 12tx + 6t 2 ) 

Using this function we eliminate the parameter t from relations (20) and obtain corresponding 
solution 

1 (-2-3V2-32 + T + 3Z + 9 xy/2 -3z + t)t 
h{x, y, z) = — — V-2 + 3. + T 

1 -12 2 + 6 V2-3z + T-l8xV2 -3z+T+A -9 zy/2 - 3z+T+9z 2 + 27 zx^/2 -3z+T-36y 2 
~54 _ V-2+3 2+T - ~~ ' 

where 

T = ^9 z 2 - \2z + A + 3Qy 2 . 
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